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ABSTRACT

COMBINATORIAL AND FOURIER ANALYTIC L2 METHODS FOR
BUFFON’S NEEDLE PROBLEM

By

Matthew R. Bond

In recent years, progress has been made on Buffon’s needle problem, in which one considers

a subset of the plane and asks how likely “Buffon’s needle” - a long, straight needle with

independent, uniform distributions on its position and orientation - is to intersect said set.

The case in which the set is a small neighborhood of a one-dimensional unrectifiable Cantor-

like set has been considered in recent years, and progress has been made, motivated in part

by connections to analytic capacity [15].

Call the set E, the radius of the neighborhood ε, and the neighborhood Eε. Then

in some special cases [2][8][10], it has been confirmed that Buffon’s needle intersects Eε

with probability at most C| log ε|−p, for p > 0 small enough, C > 0 large enough. In the

special case of the so-called “four corner” Cantor set and Sierpinski’s gasket, the lower bound

C log | log ε|
| log ε| is known [1], replacing the previously-known lower bound C

| log ε| which good

for more general one-dimensional self-similar sets.

In addition, the stronger lower bounds are still good if one “bends the needle” into the

shape of a long circular arc, or “Buffon’s noodle.” The radius one uses can be as small as

| log ε|ε0, for any ε0 > 0, with the constant C depending on ε0 [3]. It is unknown whether

this condition or anything like it is necessary.

Work continues on generalizing the upper bound results.
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Chapter 1

Definitions, notations, results, and

background

1.1 Buffon needle probability and Favard length

All sections of this thesis will have a great deal in common. In it, we will consider the Buffon

needle probability, or Favard length, of a measurable(1) set E ⊆ C. This quantity is

defined as

Fav(E) :=
1

π

∫ π

0
|projθ(E)|dθ, (1.1)

where projθ denotes orthogonal projection onto the line forming the angle θ with the positive

real axis, and |F | denotes the Lebesgue measure of F regarded a subset of R. Pointwise, one

defines projθ(reiθ
′
) := r · cos(θ′ − θ).

The reason this is sometimes also called Buffon needle probability: after a normalization

constant, it is the probability that “Buffon’s needle” will intersect E when thrown, where

1In fact, we will only consider compact sets
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“Buffon’s needle” is a straight line which lands with independent, uniformly distributed

location and angle with the positive real axis(2). Favard length is known to be related

to analytic capacity, a measure of how well E can “hide singularities of bounded analytic

functions” - see [11], [15]. The sets we study in thesis thesis are of interest both for the

analytic capacity problem and for Buffon’s needle problem.

1.2 Homogeneous Cantor-like sets

As we consider Buffon’s needle problem here, the sets which will play the role of E can

either be thought of as “partially constructed” self-similar sets, or small neighborhoods of a

self-similar set; they will be equivalent for our purposes, and we will freely conflate the two

without harm. In particular, the self-similar sets we study will be unrectifiable self-similar

sets of Hausdorff dimension one.

Definition 1. For s ≥ 0, we say that Hs(E) < ∞ if there is a constant M such that

for all ε > 0, E can be covered by countably many balls Bk of radii rk smaller than ε

such that
∑
k r
s
k ≤ M . The Hausdorff measure Hs(E) is defined to be the infimum

over all such possible values of M . The Hausdorff dimension, dim(E), is given by

dim(E) := inf{s : Hs(E) > 0}. When 0 < H1(E) < ∞, a set such that Fav(E) = 0 is

called purely unrectifiable, referred to in this thesis simply as unrectifiable.

The opposite of an unrectifiable set is a rectifiable set, such as an m-dimensional smooth

manifold in Rn, where m = s ∈ N. Hm agrees with the usual notions of length, area, volume,

2In the 18th century, “Buffon’s needle” was a short, physical needle which was thrown
repeatedly at a grid of uniformly spaced lines. By counting the proportion of the time
the needle crossed a line, approximate values of π were found from a Monte Carlo type of
formula.
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G1

G2

Figure 1.1: G1 and G2, stages 1 and 2 of the construction of Sierpinski’s gasket.
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Figure 1.2: K3, stage 3 of the construction of the square Cantor set.
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etc. for m = 1, 2, 3, etc. when E is a smooth m-manifold. Therefore Hs generalizes such

notions, as it is well known to be a Borel measure on Rn, and s is allowed to be non-integer.

For m ∈ N, an m-rectifiable set is any countable union of Lipschitz images of Rm and Hm

null sets. For equivalent definitions of rectifiability, see [9]; we will concern ourselves with

unrectifiable sets here.

Because of work done by Besicovitch, it is known that unrectifiable sets E are those such

that at least two projections have zero Lebesgue measure, or equivalently, every Lipschitz

curve meets E in a set of zero H1-measure [9]. In fact, dim(E) = 1 is the critical case for

Buffon’s needle problem: if dim(E) > 1, Fav(E) > 0, and if dim(E) < 1, Fav(E) = 0;

hence the role played by H1(E) in the definition of rectifiability. In general, if Hm(E) <∞,

E decomposes into rectifiable and unrectifiable parts.

A standard example of an unrectifiable set is K, the four-corner Cantor set. It is the

unique compact invariant set(3) of the function system Sk(z) = 1
4z + ck, where c1 = (0, 0),

c2 = (3/4, 0), c3 = (0, 3/4), c4 = (3/4, 3/4). Note also that

K =
⋂
n
Kn, where K0 = [0, 1]× [0, 1] and Kn+1 =

4⋃
k=1

Sk(Kn).

We can do this with other function systems, too. Consider also Sierpinski’s gasket, G, the

unique compact invariant set of the function system Sk(z) = 1
3z + r

2πi(1
2+k3)

, k = 0, 1, 2.

The most general case we will consider here: Sk(z) = 1
Lz + zk, k = 1, ..., L. In such a

case, the unique compact invariant set is called J ; this case contains both cases above. If

the centers zk are not all collinear, then J is unrectifiable.

Above Kn was defined as the union of all possible images of the convex hull of K under

3E is an invariant set if E =
⋃
k Sk(E); such a compact set exists and is unique [9].
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n-fold compositions of the similarity maps Sk; define Gn and Jn analogously, or see the

following formal definition:

Definition 2. Let k = 1, 2, ..., L. Let Σn = {1, 2, ..., L}n. For any v = (v1, v2, ..., vn) ∈ Σn

and any k ∈ {1, 2, ..., L}, let (v, k) := (v1, v2, ..., vn, k) ∈ Σn+1. Let S(k) := Sk, and for

v ∈ Σn, let S(v,k) : C→ C be given by S(v,k) := Sk ◦ Sv. Let J0 be the convex hull of J .

Let Jv := Sv(J0), and let Jn :=
⋃

v∈Σn Jv.

For example, K0 = [0, 1] × [0, 1], and earlier we saw a picture of K3. G0 is a certain

closed triangle which is “filled in” rather than “empty.”

Remark 1. For our intents and purposes, we more or less identify Jn with an appropriate

neighborhood of J . Define Bε(E) := {z : dist(z, E) < ε}. Temporarily define J̃n to be

B
L−n(J ). Then c · Fav(J̃n) ≤ Fav(Jn) ≤ C · Fav(J̃n). The reason for this is simply the

fact that in either case, either of J̃n and Jn can be covered by several translations of the

other (4). As such, we will no longer bother to distinguish between the two. This is also the

reason why Buffon’s needle problem for sets like Jn is often phrased for simplicity, “How

likely is Buffon’s needle to land near J ?”[12] rather than “How likely is Buffon’s needle to

intersect Jn?”

Remark 2. K,G, and J were chosen for the notation as follows: K is K is for “Cantor”(5);

G is G is for “Gasket”; since G is taken, J is J is for “General” – the phonics of the situation

don’t make it possible to reasonably misspell “gasket” as “jasket” or with any other first letter.

So it goes.

4the number of translates, and thus the constants c and C, depend on the eccentricity of

the convex hull of {zk}
L
k=1

5In [10], C has been used for the usual Cantor subset of [0, 1]

6



1.3 Results for Buffon’s needle problem

Let An . Bn mean that there exists a constant C such that An ≤ CBn, where C must not

depend on n.

Some known results:

Theorem 1. [1], 2008

Fav(Kn) & log n
n . The same proof also shows that Fav(Gn) & log n

n .

Theorem 2. [10], 2008

Fav(Kn) . 1
np

for any fixed 0 < p < 1
6 , where the implied constant may depend on p.

Theorem 3. [8], 2010

Let J be as above. Additionally, suppose J is a product set, and let the coordinates of

the zk be rational. Suppose also that there exists a direction θ0 such that |projθ0(J )| > 0.

Then Fav(Jn) . 1
np

, where p depends only on θ0.

This thesis contains a generalization of [10] and [8] to Gn. In addition, a weaker estimate

is proved for Jn. Current work between myself, Volberg, and  Laba continues toward proving

the power estimate for Jn (without one or more of the additional conditions in [8]). Volberg

and I have published work in this direction in [2], where the strong result was proved entirely

for Gn.

This thesis also contains a generalization of [1], not for more general sets, but for a

generalized notion of Favard length, called “Buffon noodle probability” or “circular Favard

length”. We postpone the definitions and statement of the result to the relevant section, since

they employ specialized notation for describing the “noodle” that are not needed elsewhere

in the thesis. The results for this problem which we will prove in this thesis are found in [3].
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1.4 Counting function

All results concerning Buffon’s needle problem for Jn employ the functions fn,θ : R → R,

called either the “counting function” or the “projection multiplicity function”. θ ∈ [0, π],

n ∈ N. Recall Definition 2 and Bε from Remark 1.

fn,θ :=
∑

v∈Σn

χprojθ(Jv) (1.2)

In light of Remark 1, there exists an alternate form of fn that is equivalent for our purposes.

Recall: Sk(z) = 1
Lz + zk. Then one simply redefines Jv := B

L−n(
∑n
k=1 L

−kzk); i.e., for

simplicity, one rescales a little and then approximates by discs. (See following figure)

We will not make use of the following fact, but it is interesting to notice the role

of a function like fn,θ in defining the integralgeometric measure of a set. Define

gn,θ =
∑
p∈E χprojθ(E). Then the integralgeometric measure I1

1(E) is given by I1
1(E) =∫ π

0
∫
R gn,θ(x) dx dθ. With proper normalization constant, I1

1 gives the length of any smooth

curve E ⊂ C, just like H1. However, H1 is positive on J , whereas I1
1 vanishes. Generaliza-

tions of Hs and I1
1 appear in [9] and others.

1.5 Heuristics and napkin sketches

In Chapters 2 and 3, we will prove the lower bound in Buffon’s noodle problem, for circular

arcs and more general “noodles,” respectively. In chapter 4, we will prove the upper bound on

Buffon’s needle problem. The former problem has a much simpler proof, remaining relatively

painless even in the presence of an additional complication, the “bend” in the needle. The

small bend in the needle is an unwelcome distraction for now, so forget it as we briefly discuss
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heuristics; in Chapters 2 and 3, we’ll bend the needle as much as possible without damaging

our argument.

Note that ||fn,θ||1 ≡ C; we can rescale and say C = 1. As n increases, however, ||fn,θ||p

is, in fact, an unbounded function for almost all θ for p > 1. This growth occurs because the

L1 mass concentrates on smaller sets as n increases; the effect is quite dramatic for the case

θ = 0 and Jn = Kn, and the squares stack up perfectly, the number of squares in each stack

being 2n. However, Kn also has tan(θ) = 1/2 as a clear counterexample, and for Gn, the

(perhaps surprising) truth is that the exceptional θ such that |projθ(G)| > 0 form a dense

subset of [0, π][5], see also [7] (the “obvious” examples for Gn are θ = 0, 2π/3, 4π/3). As

such, the quantitative Buffon’s needle problem is inherently a bit finnicky.

Micro-theorem: If |projθ(J )| = 0, then ||fn,θ||p →∞ as n→∞.

Proof: Since the Jn are compact and nested, |projθ(Jn)| → |projθ(J )| = 0. The result

follows from the inequality

1 = ||fn,θ||1 ≤ ||χsupp(fn,θ)||q||fn,θ||p = |projθ(Jn)|1/q||fn,θ||p. (1.3)

�

If Jn had no self-similar structure, it would not be possible to state much in the way of

a converse to the micro-theorem6. However, there is a converse.

Micro-theorem converse: If ||fN0,θ
||∞ > K for some N0, then |projθ(Jn)| < C

K for

some n large enough.

6Suppose no self-similar structure were available, and suppose still that ||fn,θ|| = 1. One

can use the Chebyshev’s inequality to split to two level sets and show that 1 · |supp(fn,θ)|+
(K − 1)|{x : fn,θ ≥ K}| ≤ 1. The resulting bound on |supp(fn,θ)| is not that strong if the

height varies a lot. One could expand this to include many more level sets and try again,
but then the problem seems more difficult than the one we started with.
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Sketch of proof: (See next figure) Fix θ. JN0
has a stack of K discs above θ. So say

that these K out of LN0 discs are green, and label also its descendents green. Consider

Jj·N0
. Each disc of JjN0

is replaced by a rescaled copy of JN0
when forming the set

J(j+1)N0
. In particular, each white disc gives birth to a stack of K discs we label green,

and LN0−K white discs, and green discs give birth to only green discs. In this way, the total

proportion of white discs is (1− K

KN0
)j , and this proportion does not exceed the measure of

their unified projection. In particular, the union of projected white discs has measure that

approaches zero as j →∞.

On the other hand, the green discs do not unify to any more than C/K in the projection

at any stage n, either. This ultimately follows from the Hardy-Littlewood theorem: If we sit

at x, directly below a green disc at some stage JN0, then find the smallest j such that in

generation jN0, this ancestor has turned green for the first time; taking an interval of width

2 · L−jN0 centered at x, we obtain an average value of fjN0,θ
of size at least K/2. As

this interval contains all projections of all children, and the union of the children equals the

parent in L1 mass, this estimate on the average remains valid; that is, all green squares live

above places where Mfn,θ ≥ K/2. (M is the usual Hardy-Littlewood maximal operator)

Thus |union of projections of green discs| ≤ |{x :Mfn,θ(x) > K/2}| ≤ C
K ||fn,θ||1 ≤

C
K .

�

Note that if ||fn,θ||∞ → ∞, the above theorem implies that the measure of projθ(Jn)→

0 as n → ∞ by monotonicity. [10] uses a sharpened form of this micro-theorem converse.

The L∞ condition is replaced with an L2 condition, so that one finds many stacks of size K

at various different generations, rather than just one stack in a single generation. By doing

this, one can start out with a much larger proportion of green discs, leading to a much more

11



Buffon's needle

xappropriate Hardy-Littlewood interval

Figure 1.3: Discs turn green when the stack is tall for the first time; averages of fn,θ on the

illustrated interval will remain bounded below as n increases.

rapid exponential rate of conversion of discs from white to green. Go green, indeed.

In all cases, we will use p = 2. Note that the micro-theorem (lower bound) was easier; as

such, the bound it proves is easier to obtain. One needs only set the problem up with the

aid of just one additional insight, and the rest is counting. The insight is simply partioning

the Favard length integral into well-chosen θ-intervals I1, I2, ..., Ilog n and integrating the

inequality |projθ(Jn)| ≥ ||fn,θ||
−2
2 in θ (this comes from (1.3)); a single integral with no θ

partioning exactly leads to inferior estimate Fav(Kn) & 1
n .

The upper bound is more finnicky, relying on some somewhat delicate Fourier analysis.

The Fourier transform f̂n,θ is (away from ∞ equivalent to) a self-similar exponential poly-

nomial, and ultimately, it is the bad behavior of its zeroes when L > 4 that delays us from

proving more general results for now.
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Chapter 2

The lower bound in Buffon’s noodle

problem - circular noodle case

In [3], a related circular Favard length, or Buffon noodle probability, was studied. To

get circular Favard length Favσ instead of usual Favard length Fav, orthognal projection

along the line is replaced by projection along a circular arc tangent to the line. Specifically,

define the noodles

Fr(y) := r −
√
r2 − y2 (2.1)

Also define σ0(x, y) := (x − Fr(y), y), and σθ := R−θ ◦ σ0 ◦ Rθ, where Rθ is clockwise

rotation by the angle θ. (1)(Also see figure)

By definition, any g : R→ R is a noodle, but we will use this language only for funtions

playing a role like that played by Fr in the definition of σθ.

1Note that if we replace σ with the identity map, we are in the setting of [1]. We will
often appeal to the σ = Id case for intuition, while noting that the content of [3] is that the
arguments of [1] carry over into [3] when cεn

ε ≤ r < ∞ with the only difference being a
change in the universal constants.

13
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Figure 2.1: And illustration of the action of σθ.

Finally, let

Favσ(Kn) :=
1

π

∫ π

0
|Projθ(σθ(Kn))| dθ

Remark 3. Note that Favσ(Kn) is the dρdθ measure of the set of centers of circles of

radius r that intersect Kn, where such centers are parameterized by z = (ρ + r)eiθ. In

addition to considering the dρ dθ measure of this set, we may also naturally be interested in

the (r + ρ) dρ dθ measure of this set - that is, its area. Indeed, since r is much larger than

the diameter of Kn, ρ+ r ≈ r. This is the key convenience that makes our estimate for the

circular noodle much easier and sharper by the arguments given here.

Specifically, if A ⊆ {z ∈ C : |z| ∈ (cr, Cr)} is measurable and |A| denotes its area, then

|A| ≈ r
∫ 2π
0
∫
R χ{ρ′:(ρ′+r)eiθ∈A}(ρ)dρdθ. If we let A = {z : z + reiθ ∈ Kn for some θ ∈

R}, then this says, “The area of all points distance r away from Kn ≈ r·the noodle probability of Kn.”

Our main application, however, will be to a setting in which A is a set or circle centers like

in Figure 2.1 - that is, the circle centered at z ∈ A intersects two or more squares of Kn.

We will modify fn,θ according to this problem. For any Cantor square Q ⊂ Kn, let

14



χQ,θ := χProjθ(σθ(Q)).

fn,θ,σ :=
∑

Cantor squares Q⊂Kn
χQ,θ.

projθ(σθ(Kn)) = supp(fn,θ,σ), which we will also call En,θ,σ.

Note that ∫
I
|En,θ,σ| ≥

(
∫
I
∫
R fn,θ,σdxdθ)

2

(
∫
I
∫
R f2

n,θ,σ
dxdθ)

. (2.2)

(This is (1.3) with a bend in the needle) The idea is to pick ≈ log n many disjoint

intervals Ij such that each such estimate gives

∫
Ij
|En,θ,σ| dθ ≥

C

n
. (2.3)

Summing over j = 1, 2, ..., Cε log n, the result will be

Theorem 4. For each c > 0, there exists C > 0 such that whenever r ≥ cnε, Favσ(Kn) &

Cε
log n
n . Further, we may interpret Fav(Kn) to be Favσ(Kn) in the case r =∞.

Good intervals Ij can be found near θ = arctan(1/2), because on this direction, Kn

orthogonally projects onto a single connected interval, and the projected squares intersect

only on their endpoints. These almost-disjoint projected intervals induce a 4-adic structure

on the interval. Let us rotate the axes and redefine the old arctan(1/2) direction to be our

new θ = 0 direction. (See figure)

Definition 3. Let Ij := [arctan(4−j−1), arctan(4−j)], 3 < j < Cε log n.

Then ICε log n will be the closest direction to 0, and it’s reasonable to think that on

average, each time j decreases by 1, Ij will grow by the factor 4, and for θ ∈ Ij , |En,θ,σ| will

15
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decay no more than by a factor of 1/4, resulting in the persistence of (2.3). For individual

θ, this is reasoning is completely invalid, but in the “average” sense as formulated by the

integral dθ in (2.3), the reasoning is sound. (2.3) is, indeed, a theorem, which we will now

prove:

Proposition 5. For 3 < j < Cε log n,
∫
Ij
|En,θ,σ|d θ &

1
n .

Recall (2.2). Trivially, [
∫
Ij

∫
fn,θ,σdx dθ]

2 ≤ |Ij |2 · 1 ≤ C4−2j , while

f2
n,θ,σ =

∑
Q,Q′

χQ,θχQ′,θ =
∑
Q6=Q′

χQ,θχQ′,θ +
∑
Q

χ2
Q,θ .

Integrating over Ij ×R, the latter diagonal sum becomes C4−j . n4−2j (the inequality

uses j < ε log n < log n). When estimating the other integral, things become combinatorial

- most of these terms are identically 0 in Ij × R. It remains only to show

Proposition 6. For 3 < j < Cε log n,

∫
Ij×R

∑
Q6=Q′

χQ,θχQ′,θd x d θ . n4−2j

Definition 4. Aj,k is the set of pairs P = (Q,Q′) of Cantor squares such that there exists

θ ∈ [0, π] such that the σθ images of the centers z = x + iy and z′ = x′ + iy′ of Q and Q′

have distance 4−k−1 ≤ |yσθ(z) − yσθ(z′)| ≤ 4−k and satisfy the condition on horizontal

spacing

4−j−1 ≤ |
xσθ(q) − xσθ(q′)
yσθ(q) − yσθ(q′)

| ≤ 4−j. (2.4)

We can think of 4−j as being tan(θ) for θ as in Figure 2.1.
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In [1], it was proved that

|Aj,k| ≤ 42n−k−2j (2.5)

when r =∞. To get the same estimate for nε . r <∞ as shown in [3], it suffices to compare

the two cases with an application of the following lemma:

Lemma 7. Let ε > 0 be small enough. Let T : C→ C be such that Lip(T − Id) < ε. Then

∀z, w ∈ C,

|arg(z − w)− arg(T (z)− T (w))| < 2ε(mod 2π)

Proof. Write z − w = ρeiθ, and let α := arg(z − w)− arg(T (z)− T (w)).

arg(T (z)− T (w)) = arg((T − Id)(z)− (T − Id)(w) + (z − w)) = arg(λρeiβ + ρeiθ)

for some λ < ε, β ∈ [0, 2π]. So arg(T (z) − T (w)) = arg(λeiβ + eiθ) Then |α| ≤ α̂, where

tan(α̂) = ε
1−ε ⇒ |α| < 2ε.

This is where the condition r & nε is used: to make Lemma 7 sufficient for the purposes

of relation 2.4. Since σθ is just σ0 conjugated by an isometry, the Lipschitz constant for σθ

(restricted to Kn) is uniformly bounded by the size of the derivative of Frn on [−2, 2].

Definition 5. For any P = (Q,Q′) ∈ Aj,k, let

νP :=

∫ π

0

∫
R
χQ,θχQ′,θdxdθ.

We need the estimate

νP ≤ C4k−2n, (2.6)

18



since the integrand is supported only for angles belonging to Ij−1, Ij , and Ij+1. So we fix

j and sum over k to get

∫
Ij×R

∑
Q6=Q′

χQ,θχQ′,θdθdx ≤

n−j+1∑
k=1

max{νP : P ∈ A
j′,k for some j′ = j − 1, j, j + 1}(|Aj−1,k|+ |Aj,k|+ |Aj+1,k|)

≤ Cn4−2j.

Here we used (2.5) and (2.6). The estimate (2.6) is elementary when r = ∞. It is true

more generally than that, though.

Lemma 8. νP lemma for circles

For any j, k pair P and r & nε, νP . Cε4
k−2n.

Proof. It may be useful to consult Figure 2.1 and Remark 3 now. If an arc of radius r

intersects two Cantor squares, then the arc must be centered inside the intersection of two

annuli whose radii are r±4−n, and whose centers are the centers of the two Cantor squares.

So we want to prove that the area A of this intersection of annuli satisfies A ≤ Cr4k−2n.

Without the loss of generality, the squares are centered on the x-axis at 0 and at rx0. We

have rx0 ≈ 4−k and we define η by rη = 4−n. So we need to show that A ≤ Cr2η2/x0. We

can scale the problem by r. Thus if we let r = 1, then we need only show that if x0 < 1/2,

then A ≤ Cη2/x0. It will not hurt to let the inner radius be 1 rather than 1 − η2. Let

R = 1 + η.

2One may divide the annulus along the circle with radius one. The inner annulus can be
rescaled to have inner radius 1, and the constants change negligibly
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Figure 2.3: Only where the annuli intersect will we find centers of circles of radius r which
intersect both Cantor squares. Approximation by a rectangle is sufficient to give the desired
estimate.

The area A is taken from the region bounded by y = y1 =
√

1− x2, y = y+
1 =√

R2 − x2, y = y2 =
√

1− (x− x0)2, and y = y+
2 =

√
R2 − (x− x0)2.

y+
1 = y2 at a point we will call x∗ = 1

2x0 + 1
2x0

η(2 + τ). So a rectangle which contains

the area A has width 2(x∗ −
x0
2 ) = 1

2x0
η(2 + η), and height y+

1 (
x0
2 )− y1(

x0
2 ). So we need

only show that y+
1 (

x0
2 )− y1(

x0
2 ) ≤ Cη. To do this, we use the Mean Value Theorem on the

function s(x) =
√
x.

y+
1 (

x0
2

)− y2(
x0
2

)) =

√
R2 − (

x0
2

)2 −
√

1− (
x0
2

)2

≤ s′(1− (
x0
2

)2)(2η + η2) ≤ C
η√

1− (
x0
2 )2

≤ C′η

Thus A ≤ Cη2/x0, as desired, so that νP ≤ 4k−2n.

This completes all proofs for this chapter. �
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Chapter 3

The lower bound in Buffon’s noodle

problem - general noodles

3.1 General Buffon noodle probabilities and some pre-

liminary reductions.

A notation for this chapter: Projθ(E)(x) := χprojθ(E)(x). Aside from context mathemat-

ical context, one can tell what is referred to by the capitalization of Proj on the left-hand

side.

In the previous chapter, our noodles were the functions Frn , playing a certain role in the

expression σθ.

Let us define general noodle probabilities now. Because an arbitrary noodle does not have

as many symmetries as a circular arc, a general noodle probability will need to integrate over

three independent parameters: two real variables for where the noodle lands, and one for the

orientation of the noodle. This serves two purposes: first, it better conforms to our intuition
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about what it means to randomly toss a possibly asymmetric noodle. Second, an extra

variable of intergration allows us to more readily partition regions of integration into ones

possessing symmetry. Our parameterization will have three real variables, ρ and θ like before,

and a third parameter τ for translation orthogonal to the axis in the θ direction. Under a

change of variables, the other view can be recovered. It is clear that such a translation

of a circle is again a circle, and the information about whether it intersects a set can be

transformed into the restricted notation of the previous chapter. This is clearly not possible

for a noodle with less symmetry.

Let gτ (y) := g(y − τ). (If we have a family gn of noodles, then we can write gn,τ (y) :=

(gn)τ (y) = gn(y − τ).) For a probability distribution P on R2 × S1, a set E ⊂ C, and

noodle g, we can define

Bug(E) =

∫
Projθσ

gτ
θ

(E)(x)dP (x, τ, θ).

We can choose an L > 10, say, and let P be normalized Lebesgue measure on (−2, 2) ×

(−L,L)× (0, 2π), under which

Bug(E) =
1

16πL

∫ 2π

0

∫ L

−L
|projθ(σ

gτ
θ

(E))|dτdθ =
1

16πL

∫ L

−L
Fav

σ
gτ
θ

(E)dτ .

(Note: proj was lower-case, so |proj(...)| denoted Lebesgue measure rather than pointwise

absolute value of a function.)

Having done this, we will say that a noodles gn are undercooked if Bugn(Kn) & log n
n .

We call such a family of noodles undercooked because they are sufficiently close to being

straight lines. It is not clear whether the “undercooking” condition is necessary or an artifact
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of the proof; on the other hand, it is clear that nearly-linear noodles are undercooked by

the definition specified for some appropriate notion of “nearly linear”. We will prove one

such result in this chapeter:

Theorem 9. If ||g′n(y)||4∞ · ||g′′n||∞ ≤ 4−n and ||g′n(y)|| ≤ 1
100n , then the noodles gn are

undercooked.

Remark 4. In particular, this theorem implies that the Frn are undercooked if rn ≥ 4n/5,

which is a much stronger condition than that required by Theorem 4. Another example is

gn(y) = 4−n/2sin(4n/4y).

Remark 5. Using methods like those of Lemma 8 combined with the methods that follow, it

may be possible to weaken the conditions of Theorem 9 in favor of conditions that require con-

vexity and/or a condition on ||g′′′||∞. One would estimate noodle probability by estimating

the distortion caused by thinking of noodle segments as segments of circular arcs.

Theorem 4 of Chapter 2 could be stated as follows:

Theorem 10. The functions Frn, where Frn(y) := rn −
√
r2n − y2, define undercooked

noodles if rn & nε for some ε > 0.

The proof will be essentially the same, with the difference being that the corresponding

νP lemma will be more tortuous. Define

νP,σg =

∫ L

−L

∫ 2π

0
|Projθ(σ

gτ
θ

(Q)) ∩ Projθ(σ
gτ
θ

(Q′))|dθdτ . (3.1)

Lemma 11.

νP,σg . 4k−2n.
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There will be two main parts of the proof of the above νP lemma. If one of the two

squares, Q, were centered at the origin and τ were fixed, the computation would merely

amount to finding how often a needle close to the origin intersected the other square, Q′.

We claim that this assumption can be justified if one folliates the domain appropriately and

then changes variables. In fact, one can further assume that Q′ lies on the negative y− axis

and that τ = 0. Having done this, we will linearly approximate gn and use the structure of

the shear group(Section 3.2) to get our desired estimate. The idea is that we pick one of

the two squares Q and partition the integration domain accoding to which point along the

noodle punctures the center of Q. One can imagine dropping the noodle so it intersects Q,

gluing this point of intersection in place, and then rotating the noodle around this point,

asking how often the noodle hits the other square, Q′. Each of these positionings of the

noodle can be expressed uniquely by a triple (τ, θ, x).

Let us state the formulas. Fix a j, k pair Q,Q′. We will describe the portion of the

domain of integration in which the noodle hits the center of a square Q at the same point

−τ0 of the noodle. That is, if Q has center z = ρeiθ0, consider g̃ := g − g(−τ0) and σ
g̃τ0
θ

.

For each θ, we need to find the unique xθ and τθ such that the line centered at xθe
iθ and

with positive axis in the θ + π/2 direction intersects z at y = τθ − τ0. In fact,

xθ = |z|cos(θ − θ0),

and τθ = τ0 − |z|sin(θ − θ0).

Then when computing
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∫ 2π

0

∫ xθ+a

xθ−a
Projθ(σ

g̃τθ
θ

(Q))(x)Projθ(σ
g̃τθ
θ

(Q′))(x)dxdθ,

Without the loss of generality z = 0. That is,

∫ 2π

0

∫ xθ+a

xθ−a
Projθ(σ

g̃τθ
θ

(Q))(x)Projθ(σ
g̃τθ
θ

(Q′))(x)dxdθ

=

∫ 2π

0

∫ a

−a
Projθ(σ

g̃
θ

(Q− z))(x)Projθ(σ
g̃
θ

(Q′ − z))(x)dxdθ.

For z = center of Q, and for fixed τ0, define

D = {τ = τ0 − |z|sin(θ − θ0), |x− |z|cos(θ − θ0)| ≤ C4−n, θ ∈ (0, 2π)}.

Then if

ID(τ0) :=

∫
D
Projθ(σ

g̃τθ
θ

(Q′))(x)dxdθ,

νP,σg ≤
∫L
−L ID(τ0)dτ0.

Putting this all together, we are seeking to prove that if in addition to the hypotheses

of Theorem 9, g(0) = 0 and Q′ is approximately at distance 4−k from the origin, then∫ 2π
0
∫ 4−n
−4−n Projθ(σ

g
θ

(Q′))(x)dxdθ ≤ C4k−2n. Here we use that the σ-projection of a

small square centered at the origin is essentially an interval around the origin regardless of

θ.
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3.2 Some useful facts about shear groups

A few facts about the shear groups Σθ := {σg
θ

: g : R→ R measurable} need to be stated

(the operation is composition of the maps σ
g
θ

). Below, g and h will be arbitrary noodles.

Recall:

σ
g
0(x, y) := (x− g(y), y),

σ
g
θ

:= R−θ ◦ σ
g
0 ◦Rθ.

First, there is this simple fact for arbitrary functions g and h:

σ
g
θ
◦ σhθ = σ

g+h
θ

(3.2)

Next, we show how shears by linear noodles behave. We can let Eθ be a family of subsets

of C, but for our application, we will fix Eθ = Kn. For g(y) = b, we get

Projθ(σ
g
θ

(Eθ)) = Projθ(Eθ)− b (3.3)

For g(y) = my, α := arctanm, we get

Projθ(σ
g
θ

(Eθ)) =
(Projθ−α(Eθ)

cos(α)

)
= (
√

1 +m2)Projθ−α(Eθ) (3.4)

For for g(y) = my + b and given x ∈ R, we can say that x ∈ Projθ(σ
g
θ

(Eθ)) if and only
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if x+b√
1+m2

∈ Projθ−α(Eθ). Thus for any measurable A ⊂ R,

∫ 2π

0

∫
A
χ
Projθ(σ

g
θ

(Eθ))
(x)dxdθ =

√
1 +m2

∫ 2π

0

∫
1√

1+m2
(A+b)

χProjθ(Eθ+α)(x)dxdθ

(3.5)

3.3 Proof of the νP Lemma for general noodles

Now to prove Lemma 11. Lemma 7 will be used several times without explicit mention.

Lipschitz constants are clearly gotten from Taylor estimates on g.

The rough idea of this proof: the set of parameters for which two squares are simul-

taneously punctured by the needle may be translated considerably in parameter space by

the shears, but it cannot be dilated by too much. Since a shear with small curvature

is well-approximated by a linear shear, the result will follow. Let λ′ = ||g′n(y)||∞ and

λ′′ = ||g′′n(y)||∞. Let Q and Q′ be centered at (0, 0) and (0,−L), respectively, where

L ≈ 4−m. Note that

ν
P,σ

g
θ
≤ C4−n|{θ : σ

g
θ
Q ∩ σg

θ
Q′}| ≤ C4−n(4k−n + λ′).

We need this quantity to be < C4k−2n. This task is already done if λ′ ≤ 4k−n, so assume

the opposite. Now for such θ we have |θ| < C(4k−n + λ′) < Cλ′.

For these θ, rotationRθ(Q) is in the band L−δ ≤ y ≤ L+δ, for δ = 4−n+L(1−cos(Cλ′)),

giving δ ≤ C max{4−n, Lλ′2}. Now transform the integral using the shear group. Let l(y)

linearly approximate g(y) at y = L − δ, with l(y) = my + b. Note that |b| ≤ CLλ′. Let

ε(y) := g(y) − l(y) on [L − δ, L + δ] and extend ε continuously to be constant elsewhere.
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Then, with b′ := b/
√

1 +m2:

νP,σg =

∫
|Projθ(σ

g
θ

(Q′))Projθ(σ
g
θ

(Q))|dθ ≤
∫ 2π

0

∫ 4−n

−4−n
χ
Projθ(σ

g
θ

(Q′))(x) dxdθ

=

∫ 2π

0

∫
[−4−n,4−n]

χ
Projθ(σl

θ
(σε
θ
(Q′)))

dxdθ ≤

C

∫ 2π

0

∫
[b′−2·4−n,b′+2·4−n]

χ
Projθ−α(σε

θ
(Q′)) dxdθ .

Changing variable, we see that this is at most

C

∫ 2π

0

∫
[b′−2·4−n,b′+2·4−n]

χProjθ(σε
θ+α

(Q′)) dxdθ .

Let Γ := {θ : Projθ(σεθ+α(Q′)) ∩ [b′ − 2 · 4−n, b′ + 2 · 4−n] 6= ∅}, and let z := (0,−L).

If θ ∈ Γ, then Projθ(σεθ+α(z)) ∈ [b′ − 3 · 4−n, b′ + 3 · 4−n].

Since |ε′(y)| < Cδλ′′, it follows that |ε(y)| < C δ2λ′′ < C L2λ′4λ′′ < C4−n. So

|σεθ+α(z)− z| < c 4−n, and hence |projθ(σεθ+α(z))− projθ(z)| ≤ C 4−n ∀θ ∈ Γ. So

Γ ⊆ {θ : Projθ(z) ∈ [b′ − C4−n, b′ + C4−n]} = {θ : L sin θ ∈ [b′ − C4−n, b′ + C4−n]},

which implies:

|Γ| ≤ C|{θ : sinθ ∈ [b/L− C4k−n, b/L+ C4k−n]}|. (3.6)

Since b < CLλ′ and 4k−n ≤ λ′ ≤ C
n , sinθ ≈ θ, and we get |Γ| ≤ C4k−n, completing the

proof of the νP Lemma. �
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Theorem 3.1 follows as well.
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Chapter 4

The upper bound in Buffon’s needle

problem
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