
MORE ON VERTICAL TANGENT LINES

MATTHEW BOND

1. Introduction

In Thomas’ Calculus, 12th Edition, section 3.1, problems 35-46, we studied func-

tions having a vertical tangent at a point.

Definition: A function f has a vertical tangent at a point x0 if one of the

two following things occur:

lim
h→0

f(x0 + h)− f(x0)

h
=∞ or lim

h→0

f(x0 + h)− f(x0)

h
= −∞ (1.1)

(Reminder: The 2-sided limit must be one of these two values. If the one-sided

limits are the two different values ∞ and −∞, then this is called a cusp of f .)

Once you have thoroughly covered section 4.2 of Thomas’ Calculus, 12th ed.

(the Mean Value Theorem) or something equivalent to that, you are ready to

apply the Mean Value Theorem to investigate further properties of vertical tangent

lines.

Question: Suppose that a function f is differentiable on (a, x0) and also differ-

entiable on (x0, b), and also continuous at the point x0. Then is it true that f has

a vertical tangent at x0 if and only if one of the following two things occurs?

lim
x→x0

f ′(x) =∞ or lim
x→x0

f ′(x) = −∞ (1.2)

The answer is no. (1.2) implies (1.1), but NOT vice versa. That is, if f is

continuous at x0, then (1.2) always results in a vertical tangent, but sometimes a

vertical tangent can still exist even if (1.2) does not occur.

In the next two sections, we will investigate both of these facts. We will prove

that (1.2) implies (1.1) in the next section. In Section 3, we will show an example

where (1.1) is true but (1.2) is false. In the last section, we will compare approaches

to proving that there is a vertical tangent at a point.
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2. Proof that (1.2) implies (1.1)

Proof: Suppose f satisfies (1.2). Let’s assume the limit in (1.2) is ∞ rather

than −∞. (The proof is very similar in the other case, so we’ll skip it). We want

to show that

lim
x→b

f(x0)− f(x)

x0 − x
=∞.

We will need to prove both one-sided limits separately. The arguments are very

similar, though. Here we will only prove that

lim
x→x−0

f(x0)− f(x)

x0 − x
=∞.

Let M be an arbitrarily large positive number. We want to show that if x < x0

and x is close enough to x0, then

f(x0)− f(x)

x0 − x
> M.

Now we will use the Mean Value Theorem. x is close to x0, so x > a, so f is

differentiable on (x, x0) and continuous on [x, x0]; this allows us to use the Mean

Value Theorem on [x, x0]. Further, if we pick x very close to x0, then (1.2) implies

that

f ′(t) > M for all t in (x, x0) (2.1)

(This is because f ′(t) is approaching ∞).

The Mean Value Theorem says that there is a particular c in (x, b) such that

f ′(c) =
f(x0)− f(x)

x0 − x
.

Since f ′(c) > M , it follows that f(x0)−f(x)
x0−x > M . M was arbitrary, so:

For all M > 0, there exists δ > 0 such that
f(x0)− f(x)

x0 − x
> M whenever x is in (x0−δ, x0).

(2.2)

(2.2) says precisely that

lim
x→x−0

f(x0)− f(x)

x0 − x
=∞

This completes the proof. �

We skipped the right-handed limit and the case where the limits in (1.2) and

(1.1) are both −∞; the proofs are all very similar to the case just covered.
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3. A function for which (1.1) is true but (1.2) is false

Sometimes funny things can happen. We are about to define a function f which

approaches a vertical line as x approaches x0 = 0, but which is so wobbly on small

scales that f ′(x) actually alternates between positive and negative values rapidly

as x approaches 0. A separate document shows the graph of this function; you may

want to look at it now.

Let f1(x) = x1/3. This function satisfies (1.2), so it also satisfies (1.1) because

of our theorem in Section 2. This is the part that gives us the vertical tangent. To

this, we will add something wobbly:

Let f2(x) =

x2 sin(x−4), x 6= 0

0, x = 0
.

Now let f(x) = f1(x) + f2(x).

f ′1(0) = ∞ and f ′2(0) = 0 (use the Sandwich Theorem and the definition of the

derivative - this is just like problem 33 of section 3.1), so f ′(0) =∞.

However, for x 6= 0, f ′(x) = 1
3x
−2/3 + 2x sin(x−4) − 4x−3 cos(x−4). Let’s do

algebra:

f ′(x) =
1
3x

7/3 + 2x4 sin(x−4)− 4 cos(x−4)

x3
.

In the numerator, the first two terms approach 0 as x → 0, but the third term

wobbles between 4 and −4. The first two terms are close enough to insiginficant if

we restrict x to the case where 0 < x < 1. If we do this, then: 0 ≤ 1
3x

7/3 ≤ 1
3 and

−2 ≤ 2x4 sin(x−4) ≤ 2, so

−2 ≤ 1

3
x7/3 + 2x4 sin(x−4) ≤ 2 +

1

3
.

Thus

−2− 4 cos(x−4)

x3
≤ f ′(x) ≤

2 + 1
3 − 4 cos(x−4)

x3

Let k = 1, 2, 3, ..., and so on. cos(θ) = 1 when θ = 2kπ and cos(θ) = −1 when

θ = (2k + 1)π. Let θ = x−4; then x = 1
θ1/4

.

So when x = 1
(2kπ)1/4

, −2−4
x3
≤ f ′(x) ≤ 2+ 1

3
−4

x3
. Since x > 0 and is very small,

these x-values yield very large negative values of f ′(x)

But when x = 1
((2k+1)π)1/4

, −2+4
x3
≤ f ′(x) ≤ 2+ 1

3
+4

x3
. Since x > 0 and is very

small, these x-values yield very large positive values of f ′(x).

Thus f ′(x) neither approaches ∞ nor approaches −∞ as x approaches zero.
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4. Finding and verifying a vertical tangent at a point

Let us apply the theorem of Section 2 to a problem.

PROBLEM: Find the vertical tangent of the function f(x) = (x− 2)7/9.

f is continuous everywhere because the seventh power and ninth root are both

well-defined and continuous for ALL real numbers.

f ′(x) = 7
9(x − 2)−2/9 = 7

9(x−2)2/9 , so the equation does NOT yield a finite real

number at x = 2. In fact,

lim
x→2

f ′(x) = lim
x→2

7

9(x− 2)2/9
=∞,

since the denominator is always positive and it approaches 0 as x→ 2. Thus by

the theorem of Section 2, (1.1) is true (the limit there is ∞), and therefore f has

a vertical tangent at x = 2.

PROBLEM: Using the definition of the vertical tangent, find the vertical

tangent of the function f(x) = (x− 2)7/9.

Again we would notice that f ′(2) is undefined in the formula, but for the second

step, we are told to use the definition rather than any theorems. So let’s verify

(1.1) directly:

lim
h→0

f(2 + h)− f(2)

h
=
h7/9

h
=

1

h2/9
=∞.

Thus we verify directly from the definition (1.1) that f has a vertical tangent at

x = 2.
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