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Abstract. Using Blaschke products, it is possible control the size of the set

where a given holomorphic function is small.

1. A Blaschke estimate

Let D ⊂ C be the open unit disc. Consider the Blaschke product

B(z) = zm
∏
k

−z̄k
|zk|

z − zk
1− z̄kz

,

where m ∈ N (m may be 0), zk ∈ D, and the zk form a countable set, possibly

infinite, and possibly having repetitions. The infinite case must be handled with

some care: If the zeroes zk form an infinite set, they are required to satisfy the

Blaschke condition ∑
k

1− |zk| <∞

(or else B converges to zero everywhere in D). Also, the so-called convergence fac-

tors −z̄k
|zk| are needed to make the argument of the product converge in this case. We

will omit the convergence factors for simplicity when dealing with finite Blaschke

products. Much can be read about the infinite case in, for example, Rudin’s

Real and Complex Analysis or in Volume 1 of Conway’s Complex Functions of a Single Variable.

The Blashke product is a useful construction - it is a holomorphic function that

sends the unit disc into itself, maps almost every boundary point into the boundary,

and has exactly the prescribed zeroes with exactly the prescribed multiplicities. (In

the finite case, every boundary point goes to the boundary because the factors are

the usual automorpisms of the disc; convergence issues weaken this to ”almost

every” in the infinite case).

Though Blashke products are a standard construction, for some reason, in my

scan of a few complex analysis texts I was unable to find exercises detailing a certain

standard application of them. Namely, if φ : D → C, and one has estimates on

boundary values and on φ(0), and one wishes to count the zeroes and control the
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size of φ away from those zeroes, then one can do this by dividing by B. This allows

us to remove the zeroes without changing the boundary values (in modulus). Then

the maximum principle and Harnack’s inequality can tell us how this new function

g behaves, and then we can return to an estimate on φ = gB. The paper will be

intentionally specific, but it should be clear how to wiggle implicit parameters to

get something useful in other settings.

Theorem 1. Let D be the closed unit disc in C. Suppose φ is holomorphic in

an open neighborhood of D, |φ(0)| ≥ 1, and the zeroes of φ in 1
2D are given by

λ1, λ2, ..., λM , where the λj are written with repetitions according to multiplicity.

Let C = ||φ||L∞(D). Then M ≤ log2(C).

Proof. Let

B(z) =
M∏
k=1

z − λk
1− λ̄kz

.

Then |B| ≤ 1 on D, with = on the boundary. If we let g := φ
B , then g is holomorphic

and nonzero on 1
2D, and |g(eiθ)| ≤ C ∀θ ∈ [0, 2π]. Thus |g(0)| ≤ C by the maximum

modulus principle. So we have

C ≥ |g(0)| = |φ(0)|
|B(0)|

≥
M∏
k=1

1
|λk|
≥ 2M .

�

Theorem 2. In the same setting as Theorem 1, the following is also true for all

δ ∈ (0, 1/3): {z ∈ 1
4D : |φ| < δ} ⊆

⋃
1≤k≤M B(λk, ε), where

ε :=
9
16

(3δ)1/M ≤ 9
16

(3δ)1/log2(C).

Proof. Let δ ∈ (0, 1/3), and let z ∈ 1
4D such that |z − λk| > ε ∀k. Note that g is

harmonic and nonzero on 1
2D with |g(0)| ≥ 2M . Thus Harnack’s inequality ensures

that |g| ≥ 1
32M on 1

4D, so there

|φ(z)| ≥ |g(z)B(z)| ≥ 1
3

2M
M∏
k=1

| z − λk
1− λ̄kz

| ≥ (
16ε
9

)M
1
3

= δ.

We can conclude the proof by the contrapositive. �
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