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Favard length/Buffon needle probability

Let E ⊂ C, and let projθ denote orthogonal projection onto the
line forming the angle θ with the real axis.

Fav(E ) := Buf (E ) :=
1

π

∫ π

0
|projθ(E )| dθ

The Besicovitch projection theorem: If H1(E ) <∞ and E is
Besicovitch irregular, then Buf (E ) = 0
Quantitative problem: Let Bε(E ) = {z : |z − E | < ε}. Suppose
E = ∩ε>0Bε(E ). At what rate does Buf (Bε(E ))→ 0 as ε→ 0?



Examples of sets

K, the 4-corner Cantor set with scaling factor 1/4. Kn := B4−n(K)
G, the Sierpinski gasket with scaling factor 1/3. Gn := B3−n(G)

log n

n
. Buf (Kn) .

1

np
, p < 1/6 (1)

log n

n
. Buf (Gn) .

1

np
, p < 1/100? (2)

Both lower bounds: Bateman and Volberg, 2008. One proof for
both.
Upper bound of (1): Nazarov, Peres, and Volberg (2008).
Extended to some other product sets by Laba and Zhai (2009),
with smaller p.
Upper bound of (2): Bond and Volberg (2009). Same approach as
in (1), with some new difficulties.



Setup and main ideas

B(z0, r) := {z ∈ C : |z − z0| < r}. For α ∈ {−1, 0, 1}n let

zα :=
n∑

k=1

(
1

3
)ke iπ[ 1

2
+ 2

3
αk ]

Let Gn :=
⋃

α∈{−1,0,1}n
B(zα,

1

2
3−n).

Let fn,θ :=
∑

α∈{−1,0,1}n
projθ(B(zα,

1

2
3−n))

Fix θ. If the mass of fn,θ is concentrated on a small set, then
||fn,θ||p should be large for p > 1 - and vice versa.
Lower bounds: 1 =

∫
f ≤ ||fn,θ||p||χprojθ(Gn)||q, so

m(projθ(Gn)) ≥ ||f ||−q
p . A decent estimate.

Upper bounds: m(projθ(Gn)) ≤ 1− (K − 1)m({x : fn,θ(x) ≥ K}).
A pitiful estimate.



Main idea, continued

For most directions, lots of stacking occurs. However, the
pathological set of directions where |projθ(G)| > 0 is a dense
countable set (Kenyon, 1997)! To control Buf (Gn), control the
measure of the set of bad directions:

f ∗N,θ := maxn≤N fn,θ(x)

AN,K ,θ := {x : f ∗N,θ(x) ≥ K}

EN,K := {θ : m(AN,K ,θ) ≤ 1/K 3}

i.e., EN,K is the set of directions with not much triangle stacking.
Fix ε0 small enough, and let K = Nε0 .

Theorem:

For all N ≥ N∗ >> 1, |EN,K | < 1/K .



Fourier setup

Theorem:

EN ⊆ {θ : ||fn,θ||22 ≤ CK ∀n ≤ N}.

fn,θ = νn ∗ 3nχ[− 1
2
3−n, 1

2
3−n], where νn := ∗nk=1ν̃k and

ν̃k =
1

3
[δ3−kcos(π/2−θ) + δ3−kcos(−π/6−θ) + δ3−kcos(7π/6−θ)].

(Point masses centered at projθ(zα) convolved with intervals
[−1

23−n, 1
23−n])

On the Fourier side:

ϕθ(x) :=
1

3
[e−ixcos(π/2−θ) + e−ixcos(−π/6−θ) + e−ixcos(7π/6−θ)],

ν̂n(x) =
n∏

k=1

ϕθ(3−kx)



Sample integral on the Fourier side

Let K = Nε0 , and let m = ε0logN. Let ẼN ⊂ EN such that
|Ẽ | > |E/2| and let N/4 < n < N/2 such that for all θ ∈ Ẽ ,∫ 3n

3n−m

n∏
k=0

|ϕθ(3−kx)|2dx ≤ 2CKm

N
≤ 2ε0N

ε0−1logN.

n does not depend on θ; n can be extracted to satisfy the estimate
in the average over θ ∈ E , and then one chooses Ẽ .
This says that for θ in a large set, a small sample integral of |f̂n,θ|2
takes on a small value. Next, we remember the assumption that Ẽ
is large, and prove a lower bound which can only be true for
N < N∗.
(The lower bound is N−Cε0 .)



Splitting P into frequency groups

` := αm, recall m = log K = ε0 log N

P]
1,θ(z) =

n−m−`−1∏
k=1

ϕθ(3−kz)

P[
1,θ(z) =

n−m−1∏
k=n−m−`

ϕθ(3−kz)

P2,θ(z) =
n∏

k=n−m

ϕθ(3−kz)

High, medium, and low frequencies, respectively.
* P2,θ has low frequencies, and therefore little regularity. We must
control the damage caused by its small values.
* For fixed θ, P]

1,θ is well-behaved on small x-intervals.

* P[
1,θ is approximately constant on small x-intervals, and is

well-behaved in θ.



Estimate on the set of small values of P2

SSV (θ) := {x : |P2,θ(x)| ≤ 3−Cm}
For all θ ∈ E ,

∫ 3n

3n−m |P]
1|2|P[

1|2 dx & Nε0 . Show that this doesn’t
live on SSV .

Ω :=
1

|Ẽ |

∫
Ẽ

∫
SSV (θ)

|P]
1|

2|P[
1|2dx dθ

Analytically continue the real parts of the zeroes of P2, and call
them xj . Pass from Ẽ to [0, π].

Ω .
∑

j

1

|Ẽ |

∫ π

0
|P[

1,θ(xj(θ))|2
∫

Ij (θ)
|P]

1,θ|
2 dx dθ

Ω << Nε0


