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Abstract. A Kakeya set in the x-y plane is a set containing unit length line

segments in all possible directions cleverly arranged to overlap so much that

together they take up zero area. If we think of the slopes and y-intercepts as

ordered pairs and make a graph of them, one such possible graph is given by a

rotated copy of a 2-dimensional Cantor set. The fact that this Kakeya set has

zero area corresponds exactly to the fact that this Cantor set has zero Buffon

needle probability, which in turn is a consequence of a deep theorem of Abram

Besicovitch. 1-dimensional Hausdorff measure is briefly discussed.

1. Introduction

In 1917, the mathematician Soichi Kakeya (1886-1947) posed a question: how

small can a subset of the x-y plane be and still contain a unit-length line segment

in every direction? The surprising answer is that such a set may have zero area, in

which case it is called a Kakeya set. In this paper, we will describe one method of

constructing a Kakeya set which was discovered by Abram Besicovitch (1891-1970)

which makes use of the famous Besicovitch projection theorem.

Note that if we had a set K with zero area, but which only had unit-length line

segments with slopes ranging between 0 and 1, we could rotate four copies of K

by 0, 45, 90, and 135 degrees. Taken together, these 4 copies of K will again have

zero area, and will have line segments in every direction. We’ll construct K with

the additional property that the line segments have left endpoints on the y-axis.

Each line segment l has a slope m and a y-intercept b. Let us call the set of all

such ordered pairs (m, b) by the name S. We will say that S lies inside the m-b

plane, and K lies inside the x-y plane.

For convenience, we will allow the line segments to stretch all the way across the

interval [0, 1], so that the line segments are the sets
1
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lm,b = {(x, y) : y = mx+ b and 0 ≤ x ≤ 1} (1.1)

(lm,b is the line segment with slope m and y-intercept b). As (m, b) ranges

over the set S, m must range over all of [0, 1], so constructing K is a matter of

constructing S by creating an appropriate rule for choosing a y-intercept b for each

slope m. In set notation, we say that K is the union of the line segments with

slopes and y-intercepts belonging to S, that is:

K =
⋃

(m,b)∈S

lm,b. (1.2)

2. The relationship between K and S

For the time being, let A denote the area of K. Since S completely determines

K, our first task will be to translate the statement ”A = 0” into a statement about

S.

For any x, let Vx be the vertical line for at the x-value x in the x-y plane. Let

Lx denote Vx ∩ K (the vertical cross-section of K at x), and let |Lx| denote the

length of this cross-section. Then

A =
∫ 1

0
|Lx|dx (2.1)

(We will use the common mathematical shorthand iff to mean ”if and only if”.)

We ask now what it means (in terms of S) for (x, y) to belong to Lx. (x, y) lies in

Lx iff (x, y) lies inside lm,b for some (m, b) in S iff mx + b = y iff b = y − xm.

This last equation describes a line consisting of those points (m, b) in the m-b plane

such that the corresponding line segment lm,b in the x-y plane passes through the

point (x, y).

We can push this even further. If we let θ = arccot(x) and do some trigonometry,

we can see that the line b = y−xm is exactly the line consisting of all points (m, b)

in the m-b plane which project orthogonally onto a line in the direction θ at distance
y√

1+x2
= ysin(θ) from the origin. That is, (x, y) belongs to Lx (in the x-y plane) iff

S contains some point (m, b) which projects orthogonally onto the direction θ at

the distance ysinθ from the origin (in the m-b plane). Let state this as a theorem:

Theorem 1. Let S be a subset of the m-b plane, and let K be defined as in 1.2.

Let x = cotθ, and call the ortogonal projection onto θ of S by the name Lθ, and
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call the vertical cross-section of K at x by the name Lx. Then the above argument

says that Lθ is a rescaled copy of Lx. Further, the scaling factor is sinθ, so

|Lθ| = |Lx|sinθ.

Dividing by sinθ, plugging this into 2.1, and changing the variable to θ, we get that

the area of K is given by:

A =
∫ 1

0
|Lx|dx =

∫ π/4

π/2
|Lθ| cscθ d(cotθ) =

∫ π/2

π/4
|Lθ| csc3θ dθ (2.2)

Proof. This theorem is a summary of everything that was proved in section 2. �

3. Buffon needle probability

Notice that 2.2 bears a striking resemblance to this following Buffon needle

probability:

Bu(S) =
1

2πr

∫ π

0
|Lθ| dθ, where r is a fixed positive constant. (3.1)

Because cscθ is between 1 and
√

2 for θ between π/4 and π/2, we have

A ≤ 23/2

∫ π/2

π/4
|Lθ| dθ ≤ 23/22πr Bu(S).

Thus if (1) Bu(S) = 0 and (2) S contains at least one point (m, b) for every b

in [0, 1], it follows that K is a Kakeya set. These two properties are at odds with

each other, since the projection onto the m-axis must be an interval, but almost

every other orthogonal projection must have zero length! This is to be expected,

though, since (1) says that K has zero area, and (2) says that K has line segments

in every direction.1

The Buffon needle probability problem is named after Georges-Louis Leclerc,

Comte de Buffon (1707-1788). The reason we call Bu(S) a needle probability is

as follows: If r is the radius of some disc which contains S, and a long needle

orthogonal to the direction θ is placed a uniformly random distance d ≤ r from the

origin, then the probability that such a needle crosses S is given by Lθ/2r. If we

also allow the needle’s direction to be random and uniform between 0 and π, we

get 3.1 by averaging the conditional probability (given θ) over all θ.

1The definition of ”almost every” can be made precise, but requires the Lebesgue theory of

integration. For the uninitiated, it is enough to know that the integral of a function which is zero

at almost every point is zero.
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(Aside: The classical example of a Buffon needle probability, which Buffon

originally investigated, is the probability that a relatively short needle, when thrown

randomly, will intersect a grid of uniformly spaced parallel lines. The following

italicized portion is from Wikipedia: Suppose there exist an infinite number of

equally spaced parallel lines, and we were to randomly toss a needle whose length

is less than or equal to the distance between adjacent lines. What is the probability

that the needle will cross a line? The formula is P = 2L/πD, where D is the

distance between two adjacent lines, and L is the length of the needle. By the Law

of Large Numbers, we can conclude that if we throw the needle n times and the

needle crosses the line m times, then m/n will almost surely converge to P as

n approaches ∞ - i.e., π ≈ 2Ln
Dm . This is one of the earliest known probabilistic

methods for approximating the value of π, albeit one whose rate of convergence is

pitifully slow.)

4. The planar Cantor sets

Next, let us create S such that S has properties 1 and 2.

Figure 1. C1, the first stage of the construction of C

The square Cantor set C (with scaling factor 1/4) can be constructed in stages,

C0 C1, C2, etc. as follows: C0 is just a solid square of side lengths 1. C1 is 4 solid

squares of side length 1/4, and these four squares are pushed into the four corners

of C0. We can continue as many times as we’d like: if we’ve constructed Cn, which

will have 4n squares of side length (1/4)n, we can create Cn+1 by replacing each

of the 4n squares in Cn by four squares of side length (1/4)n+1, again occupying

the four corners of the old square. In other words, at each stage, every square gets
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Figure 2. C2, the second stage of the construction of C.

Figure 3. C3, the third stage of the construction of C. Grid lines

removed for better visibility.

replaced by a tiny copy of C1. Or you can think that horizontal and vertical strips

constituting the hozizontal and vertical middle halves of the squares get deleted.

One can ask where this process is headed. In the mathematical language, the

”limit set” C is the intersection of all Cn:

C =
∞⋂
n=0

Cn

Since at each stage we delete large portions of Cn to get Cn+1, C can be thought

of as the set of all points which will never get deleted, no matter how many times

we take the next step in the construction. The corner of any Cantor square in
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Cn will never get deleted, for example, since we always delete from the middles of

squares.2

It looks like C has low Buffon needle probability - for example, the projections of

Cn onto the horizontal and vertical axes are decaying exponentially as n increases.

However, this is not the whole story. Let us change the coordinate axes, shrink a

little, and use the letter S in place of C:
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Figure 4. S1, the 1st approximation of S.
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Figure 5. S2, the 2nd approximation of S.

If we look at figure 4, we can see that the interval [0, 1] on the m-axis is covered

when we orthogonally project the Cantor squares of S1 onto the m-axis. One can

2C contains a lot more than just these points, making C a very interesting set. C consists

of those points in the unit square whose coordinates it is possible to write in a base-4 decimal

expansions containing only 0s and 3s.
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verify that this actually happens, and that it is not a deceptive picture - lines with

slope −2 will pass through exactly the corners of the squares as shown, so that

each square really does fill the interval in between.

If we go on to look at S2, the same thing happens again - replacing a square by

a tiny S1 doesn’t harm the projection onto [0, 1] at all.

There are two questions to answer, now. (a) Does S project onto the m-axis to

fill all of [0, 1]? (b) Does Bu(S) = 0?

(a) may look like a trivial question, but some care must be taken. The answer to

(a) is in fact yes, but to answer it satisfactorily requires a little knowledge from real

analysis. For completeness, we outline the proof here, but the uninitiated reader

may take (a) for granted and move on.3 4

The answer to (b) is also yes, though it is far from obvious. This will be addressed

in the next section.

Before moving on, a remark. Other planar Cantor sets can be constructed by

removing horizontal and vertical strips of a different size from the middles of the

squares at every stage, such as 1/3 of the length of square or 2/3, rather than 1/2.

If we were to do this, then it could be proved that (a) is false if we remove too

much at each stage, and that (b) is false if we remove too little. Again, this should

be believable, if we remember that the original task of constructing a Kakeya set

should be a very sensitive undertaking.

5. Hausdorff measure

Statement (b) says that, in some one-dimensional average sense, S isn’t too

large. Another way of quantifying total one-dimensional size was discovered by

Felix Hausdorff (1868-1942): we define one-dimensional Hausdorff measure H, and

show that H(S) < ∞. While S will be comparable to a line segment in the sense

of Hausdorff measure, S is scattered all over the place, and we may hope that this

scattering will cause a great deal of overlapping in the orthogonal projection onto

3The rough idea is that nested ”closed, bounded” sets can’t have all their points gradually

vanishing while the survivors concentrate closer and closer to one or more ”boundary” points

outside of the set (because the sets are closed and so they contain their ”boundary” points), and

the survivors can’t shuffle off toward infinity, either (because the nested sets are bounded).
4Formally, what one can do for the problem at hand is take any point s on the m-axis, and draw

a line lx through this point which is orthogonal to the m-axis. We want lx to intersect S. If we

let Jn = lx ∩ Sn, we can see that the Jn are nested, nonempty compact sets, and so
⋂∞
n=1 Jn 6= ∅,

producing a point in lx ∩ S.
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θ, for ”almost every” choice of projection direction θ. This is indeed true, and this

constitutes the content of the Besicovitch projection theorem.

For simplicity, we will only discuss one-dimensional Hausdorff measure in the

plane.5 From now on, Hausdorff measure will always refer to the one-dimensional

case, so we omit this from the notation.

Several definitions exist which are comparable but not identical to each other,

and in the Besicovitch projection theorem, any of these definitions would suffice in

place of the one we will use here - that is, all of the standard definitions agree on

what it means for a set to have finite Hausdorff measure.

The idea of Hausdorff measure is to see how efficiently one can possibly cover

up the set with small square tiles. Here is the general definition, which must be

done in two stages - first we define Hδ for all δ > 0; we will take the limit as δ

approaches 0 to get H. I emphasize that δ is NOT the dimension of the measure.

Take a set E in the plane. Fix a number δ > 0, and forbid the use of any tile T

in your covering from having side length greater than δ. Then cover the set E with

tiles T , and add up the side lengths of all the tiles. Try to do this as efficiently as

possible; the theoretical lower bound on how small a sum one could end up with is

by definition Hδ(E). Formally, let

Fδ(E) = {coverings G of E by tiles T s.t. the tiles T have side length at most δ},

and let

Hδ(E) = infG∈Fδ(E){
∑
T∈G

side length of T}.

Then our definition of Hausdorff measure is:

H(E) = lim
δ→0

Hδ(E).

Taking a limit is necessary so that the covering can detect the 2-dimensionality

of any square. For example, if we take a solid unit square Q and its diagonal D,

both have H1 = 1, since a single unit square can tile both of them, and this tile is

not forbidden since δ = 1. However, it looks like H1/2(D) = 1 and H1/2(Q) = 2,

since to cover Q, now we need to use 4 squares of side length 1/2, and 4 · 1
2=2. As

5A much more general theory exists - the plane may be replaced by any Euclidean space, and

then we can define k-dimensional Hausdorff measure for any REAL k, not necessarily an integer.

Highly wiggly fractal curves often have infinite length and zero area, but finite, positive Hausdorff

k-measure for just the right choice of k.
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δ continues to get even smaller, Hδ(D) = 1, but Hδ(Q) grows, since it takes 1/δ

tiles to cover the diagonal, but (1/δ)2 tiles to cover Q.

If we apply this reasoning to Cn, we see that Cn can be covered by 4n squares

of side length (1/4)n, so H(1/4)n(Cn) ≤ 1. The same covering works for the limit

set C, so Hδ(C) ≤ 1 for all δ > 0, so H(C) = limδ→0Hδ(C) ≤ 1. We can slightly

rescale things and repeat the argument to show that H(S) <∞.

6. The Besicovitch projection theorem

A set E in the plane is said to be irregular if there are at least two directions

onto which the orthogonal projection of E has zero length.

Theorem 2. If (i) E is an irregular set and (ii) H(E) < ∞, then almost every

projection of E has zero length. (It then follows that Bu(E) = 0.)

We will not prove this here. It is an impressive theorem, though hopefully

believable. Note that TWO projections have to have zero length, or we do not

attempt to apply the theorem - for example, a horizontal line segment projects to

a single point on the vertical axis, but the line segment projects onto another line

segment in every other direction. (ii) is also necessary, as briefly mentioned at the

end of section 4.

S satisfies the hypotheses of 2, and so Bu(S) = 0. The orthogonal projection of

S onto the m-axis is the interval [0, 1], and so we are done constructing our Kakeya

set K.
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